Abstract: Active control of friction between sliding surfaces is of fundamental and practical interest in automotive applications. It has been shown that the friction force between sliding surfaces decreases when ultrasonic vibration is superimposed on the sliding motion. This principle can be applied to systems in which solid state lubrication or friction modulation is advantageous. The ultrasonic vibration may be applied longitudinally or normal to the direction of motion. A number of friction models have been considered in order to analyse this phenomenon. The degree of friction reduction has been shown to depend on the ratio of the sliding velocity to the vibration velocity. Since friction is a system response, it is necessary to include system dynamics in the analysis of ultrasonic lubrication. A nonlinear single-degree-offreedom-model is formulated and numerically approximated to quantify the effect on friction reduction of control force, intrinsic coefficient of friction, mass load, tangential contact stiffness at the sliding interface, and system stiffness. Model results are in close agreement with experimental measurements.
Introduction
Friction is the resistance to motion that occurs when two objects in contact slide or roll relative to each other. Depending on the nature of the system, friction can arise due to dry contact, fluid shear, or internal forces. The tangential force required to initiate motion (static friction force) is greater than the tangential force required to maintain relative motion (kinetic friction force) (Bhushan, 2002) . Friction is a system response rather than a material property. Hesjedal et al. (2002) proposed laws of friction for macroscopic bodies in contact, which state that friction force is directly proportional to the applied load and is independent of the apparent contact area. According to Coulomb's law of friction, the kinetic friction force is independent of the sliding velocity.
Friction reduction due to ultrasonic oscillations has been reported in the literature (Littmann et al., 2001a,b; Storck et al., 2002; Bharadwaj and Dapino, 2009 ). The degree of friction reduction is often quantified through the friction ratio, defined as friction force with ultrasonic vibrations over friction force without ultrasonic vibrations. The friction ratio depends on the velocity ratio, defined as the base sliding velocity over the velocity of the superimposed ultrasonic vibration. The effectiveness of ultrasonic lubrication is higher at low velocity ratios, and according to the Dahl and Coulomb friction models (Leus and Gutowski, 2008; Tsai and Tseng, 2005) , it decreases to zero for a velocity ratio of 1.
As described in Bharadwaj and Dapino (2009) , at velocity ratios lower than 1, the oscillation creates a pulsating tangential force since this force follows the signum function. The average of this pulse is lower than the average without the oscillating component, hence frictional force reduction is observed. In the limit when the velocity ratio is zero or unity, the pulse signal becomes asymmetric either with zero average or average equal to the maximum value of the pulse, corresponding respectively to maximum friction reduction or zero friction reduction. The nonlinearity associated with the signum function poses computational challenges since very small time steps are required in order to maintain accuracy, thus resulting in numerically stiff equations and longer simulation times. Leus and Gutowski (2008) argued that that the friction force can be reduced in one vibration cycle without instantaneous change of the friction force's direction.
Ultrasonic lubrication can be utilised in various vehicle systems, e.g., suspension joints, steering components, seat rails, brakes, powertrain components, etc.
Superposition of high-frequency vibrations on low-frequency disturbances or dither control has been proposed for suppressing squeal in automotive brakes (Cunefare and Graf, 2002; Badertscher et al., 2007; Hagerdorn et al., 2005; Jearsiripongkul and Hochnelert, 2006; Hagedorn and von Wagner, 2004) . Active or smart pads have been developed (Michaux et al., 2007) which include embedded piezoelectric elements between the brake pad material and the metallic backing plate to generate a normal harmonic force. This force provides a small variation about the mean clamping force. It has been reported that tangential dither excitation can stabilise an unstable system having self-excited oscillations. The effect of various dither waveforms on stability of a system has also been studied (Hagedorn and von Wagner, 2004) . The application of high frequency dither to eliminate selfexcited stick slip oscillations and active friction reduction using ultrasonics are related phenomena since the governing equations in both cases are the same. The former has been studied using Stribeck friction and an averaging technique (Do et al., 2007) . Using this approach, approximate relations involving the amplitude and frequency of the excitation needed to suppress friction induced oscillations have been developed. Bharadwaj and Dapino investigated the use of ultrasonic lubrication in active seat belts (Bharadwaj and Dapino, 2010) . By modulating the effective friction coefficient between the D ring and webbing, precise control of the chest force was proposed. This approach is advantageous as it precludes the use of load limiters in the seat belt retractor, which tend to be massive and complex. Experiments conducted with the ultrasonic energy applied normal to the sliding velocity, as is the case in the seat belt application, show a 60% reduction in friction force between a seat belt webbing and an ultrasonic waveguide.
The focus of this paper is to understand how system dynamics affect the effectiveness of ultrasonic lubrication and to develop guidelines for designing dynamic systems with ultrasonic lubrication. A lumped parameter model for an ultrasonically driven system is presented in Section 2. The system consists of a single degree-of-freedom (SDOF) resonator sliding in dry friction conditions and subjected to an ultrasonic excitation force. Results of the model simulations are presented in Section 4, including time and frequency domain calculations, energy and power calculations, and a sensitivity study considering the effects of ultrasonic control force, coefficient of friction, mass loading, tangential contact stiffness at the sliding interface, and system stiffness. The SDOF resonator provides a representative platform for the design of generic dynamic systems for automotive applications. Although the development of practical ultrasonically controlled systems may require analysis at the multiple DOF or continuos level, such analyses are heavily application dependent and cannot be easily conceptualised the way a SDOF resonator can. The design guidelines and methods presented in this article can be extrapolated to practical systems.
Dynamic model for ultrasonically lubricated system

Friction models
In Littmann et al. (2001a,b) and Storck et al. (2002) , the Coulomb model has been used to define the friction force, and analytical expressions relating the friction reduction ratio with the velocity ratio have been developed. Friction reduction as described by the Coulomb model solely depends on the velocity ratio, thus it is independent of system parameters such as mass, stiffness, coefficient of friction, tangential contact stiffness, and frequency of ultrasonic excitation. However, it has been shown that the contact stiffness at the interface has an effect on ultrasonic lubrication (Leus and Gutowski, 2008; Tsai and Tseng, 2005) . Using numerical analysis (Leus and Gutowski, 2008) , it was shown that the Dahl friction model, which accounts for tangential contact deformability, provides a more complete description of the system compared with the Coulomb model.
Representation of the discontinuity at zero slip velocity has been a concern, since physical friction processes are continuous (Bharadwaj and Dapino, 2010) . To address this issue, more involved and complex models have been proposed. A micro-slip approach such as the Iwan model considers the Coulomb friction element connected to a spring. When the force in the spring reaches a certain magnitude, it reverses direction. However, such models have not been able to differentiate between static and kinetic friction coefficients. More sophisticated friction models classified as state variable friction laws use differential equations to describe the friction force. These models are hysteretic in nature and have internal dynamics. Dahl friction is one such example. In the Dahl model, the contact asperities are modelled as micro-springs. The effective contact stiffness is taken into consideration, and the product of the stiffness and the elastic displacement of the asperities gives rise to the friction force.
System model
We model the ultrasonically driven system as a single degree-of-freedom resonator with Dahl friction acting at the sliding interface and subjected to a harmonic excitation, as shown in Figure 1 . Here, V t is the macroscopic velocity of the system and x is the vibrational amplitude relative to the static equilibrium position of the spring. Viscous friction and the Stribeck effect are neglected. The governing equation of motion for this system is
where m is the effective mass of the sliding body, K s is the system stiffness, F e is the control force generated by the piezoelectric transducer, ω is the excitation frequency, and F D is the Dahl friction force. This force is defined by a differential equation (see, for example, Storck et al., 2002 )
where K t is the tangential contact stiffness and µ is the coefficient of friction. The relative velocity V is equal to V t −ẋ.
Simulation results
Characterisation of the friction reduction is accomplished by plotting the friction ratio and power dissipation ratio as a function of the velocity ratio. The power dissipation ratio is the power dissipated due to friction in the presence of ultrasonic vibrations over the power dissipated due to friction in the absence of ultrasonic vibrations. Values for the system parameters used in these simulations are shown in Table 1 . Figure 2 shows a comparison of friction ratio versus velocity ratio utilising both the Coulomb and Dahl models. The Coulomb model predicts a higher degree of friction reduction than the Dahl model. In addition to the velocity ratio, the percentage reduction according to the Dahl model depends on the mass, coefficient of friction and tangential stiffness. In Coulomb's model, the instantaneous friction force is discontinuous and exhibits a pulsating waveform. In the case of Dahl's model, the force is a continuous oscillatory function (Figure 3 ).
Energy considerations
The friction ratio provides information on the effectiveness of the friction reduction as it relates to the velocity ratio. In this section we quantify the energy flow in the system including input, stored, and dissipated energy. Considering first the system without ultrasonic vibrations (x = 0), energy must be supplied to the system as it slides with velocity V t , where F i is the applied force and T is the period of harmonic motion. Part of the energy is converted to kinetic energy and part of it is dissipated due to friction, thus
where F n is the intrinsic friction force.
In the presence of ultrasonics, in addition to the input energy to slide the mass, energy needs to be supplied to the system for generating ultrasonic vibrations. The piezoelectric control force F e (t) vibrates the mass. The total input energy into the system is
This energy is converted partly to kinetic energy, partly to spring potential energy, and the remaining is dissipated due to friction. The average kinetic energy over one period is
The average energy stored over one period is
and the frictional energy dissipated during one period is
Energy balance gives
or equivalently,
With the definitions
division of (10) by
Here, E fu is the energy dissipated due to friction in the presence of ultrasonics, E f is the energy dissipated due to friction in the absence of ultrasonics, E iu is the ultrasonic energy input into the system, and E su is the system's internal energy (kinetic and potential). Expression (14) can be converted to a power balance,
where P denotes power and the subscripts denote the same quantities as before. Thus, the power dissipation ratio is given by
where φ iu is the ratio of the ultrasonic input power to the friction power dissipated with no ultrasonic vibrations and φ su is the ratio of the power used by the system to the friction power dissipated with no ultrasonic vibrations. Physically, φ iu represents the input power supplied to the system and φ su represents the power consumed by the system in the form of potential and kinetic energy.
Time and frequency domain responses
Simulations were performed at a velocity ratio of 0. Figure 6 (a), there are two frequency components, one corresponding to the excitation frequency and the other to the natural frequency of the system, k s /m. Analytical models based on Coulomb or Dahl theory, which model the vibration velocity as a single sinusoid, do not incorporate the effect of the system's natural frequency. In Figure 6(b) , it is observed that the FFT of friction force shows a number of frequency components, which arise from individual harmonics and harmonics of the sum and difference of the two frequencies. 
Effect of dynamic system parameters
The effect of load (Bharadwaj and Dapino, 2009) , velocity ratio, and tangential stiffness (Leus and Gutowski, 2008) have been analysed using Coulomb and Dahl equations. In this analysis we incorporate the effect of system dynamics through the parameters mass, system stiffness, contact stiffness, piezo control force, relative velocity and coefficient of friction. The velocity, displacement, friction force and power are not harmonic functions as proposed by the Coulomb and Dahl models due to the effect of the natural frequency of the system. The simulation results presented here correspond to a chosen set of parameter values (Table 1) which are based on existing experimental and computational data in the literature (Littmann et al., 2001a,b; Storck et al., 2002; Bharadwaj and Dapino, 2009; Leus and Gutowski, 2008; Tsai and Tseng, 2005) .
Effect of control force
In a typical ultrasonic system, the control force is generated by piezoelectric elements when excited with a voltage. The relationship between the force generated and the applied voltage is assumed linear. This control force acts as an external excitation to the SDOF model at a given ultrasonic frequency. Figure 7(a) shows that an increase in control force decreases the friction ratio. With higher control force, the velocity of vibration increases, which in turns decreases the velocity ratio. The power dissipation ratio correlates with the amount of input power required to obtain a desired velocity ratio and corresponding friction ratio. At velocity ratios at or above 1, the ultrasonic vibrations have no effect relative to the case when no ultrasonic vibrations are applied (Figure 7(b) ). At low velocity ratios, high friction power is dissipated with ultrasonic vibrations on. The higher the control force, the higher the dissipated power will be. As the control force is increased, the term P iu in (15) increases. Thus, the power dissipation ratio increases with increasing control force.
Figure 7
Effect of control force on (a) friction ratio vs. velocity ratio and (b) power dissipation ratio vs. velocity ratio (see online version for colours)
Effect of coefficient of friction
The coefficient of friction determines the resistance offered to the sliding and vibratory motion of the mass. When the intrinsic coefficient of friction is low, friction reduction is achieved more easily than when it is high. Figure 8(a) shows that the friction reduction is less effective as the friction coefficient increases. Power P f in (15) is affected by the value of the friction coefficient. A high coefficient of friction implies a lower φ iu and φ su terms in (16). As a result, the power dissipation ratio decreases with an increase in friction coefficient as shown in Figure 8 (b). 
Effect of mass load
An increase in mass load makes the friction reduction system less effective. Figure 9 (a) shows that the friction ratio curve begins to flatten as load increases. This implies that for a given control force, the maximum possible friction reduction is limited by the mass of the sliding body. An increase in normal load increases the friction force and leads to higher required ultrasonic energy. In Figure 9 (b), the power dissipation ratio decreases as mass loading increases. The system energy increases, implying that at low velocity ratios, the power dissipated with ultrasonic vibrations is very low. The potential energy in the spring is much smaller in magnitude compared to the input energy. The effect of mass is significant in φ iu , which decreases with increasing load.
Figure 9
Effect of mass load on (a) friction ratio vs. velocity ratio and (b) power dissipation ratio vs. velocity ratio (see online version for colours)
Effect of contact stiffness
The friction force in the case of Dahl's model is the product of the tangential contact stiffness and the elastic displacement of the asperities. Thus, a high contact stiffness implies higher friction acting on the system. The system is studied in the absence of an excitation force for different values of the contact stiffness.
In Figure 10 (a), as the tangential contact stiffness is increased, friction reduction is more pronounced. From a design stand point, surfaces in contact should be as stiff as possible for friction reduction to be effective. In Figure 10 (b), the power dissipation is always less than unity since φ iu is zero. The ratio drops with increasing contact stiffness. By increasing contact stiffness, the system energy increases and hence the power dissipation ratio decreases. 
Effect of system stiffness
The Coulomb and Dahl models do not take the system stiffness into consideration. These analyses are based on assuming an infinitely stiff spring to which a mass is connected. In practice, the amount of friction reduction depends on system compliance. When the excitation frequency matches the system natural frequency, the displacement and hence the velocity of vibration increase. The velocity ratio therefore decreases, which in turn lowers the friction ratio (Figure 11(a) ). At higher vibration velocities, the power dissipation due to friction is also high. For lower values of K S , the power dissipation ratio is not significantly affected (Figure 11(b) ). Thus, it is desirable to operate systems at their natural frequency to maximise the effect of friction reduction.
Figure 11
Effect of system stiffness on (a) friction ratio vs. velocity ratio and (b) power dissipation ratio vs. velocity ratio (see online version for colours)
Correlation with experimental data
The system model described above is applied for correlation with experimental data from the literature (Storck et al., 2002) . Model parameters are shown in Table 2 . Simulations are performed based on specified values for mass, tangential stiffness and coefficient of friction (Littmann et al., 2001a,b; Storck et al., 2002; Leus and Gutowski, 2008; Tsai and Tseng, 2005) . Figure 12 shows that the system model better describes the experiments relative to the Coulomb and Dahl models. At low velocity ratios, experiments convey a higher friction ratio compared to the theoretical model prediction. Due to inertial effects of load, coefficient of friction and friction induced oscillations, it is not possible to attain a friction ratio of zero, as predicted by the Coulomb and Dahl models. As a result, higher ultrasonic energy will need to be supplied into the system. The dynamic model selected for analysis is a simple framework capable of describing most aspects of active friction reduction. 
Concluding remarks
Active friction control is a function of system parameters mass, system stiffness, contact stiffness, coefficient of friction, friction induced oscillations and external excitation. The displacement and velocity of the mass have two frequency components which correspond to the natural and applied frequencies. Friction force, however, has a number of frequency components and shows a decrease upon application of ultrasonic excitation. Numerical analysis elucidates the effect of various parameters on friction reduction in presence of ultrasonic vibrations. The inertial effects of load in addition to coefficient of friction and friction induced oscillations prevents the system from achieving a zero friction state. For practical applications involving friction control, design of ultrasonic systems can utilise these results and be tuned for optimum performance. A parametric study shows the sensitivity of friction reduction and power dissipation ratio to system parameters. This information can be used for design of automotive components with adaptive friction properties.
